STOCHASTIC MODELS
Continuous-Time Markov Chains
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Continuous-time Markov Chain
• Let {𝑋𝑡 , 𝑡 ∈ 𝑇} be a stochastic process and 𝑥 0,𝑡 = {𝑥0 , 𝑥1 , … , 𝑥𝑖 } be the sequence of
values assumed by the random variables 𝑋𝑡 at 0 < 𝑡1 < ⋯ < 𝑡𝑖 .
• A Continuous-time Markov Chain (CT-MC) is mathematical model for stochastic
processes {𝑋𝑡 , 𝑡 ∈ 𝑇} where:
a)

The sample space 𝑋 = 𝑥0 , 𝑥1 , 𝑥2 , … can be either finite or countably infinite

b) Events can occur at each time 𝑡, namely, ∀ 𝑡 ∈ ℝ≥0
c)

The transition probabilities satisfy the Markov Property

a)

Due to the Markov property the each r.v. Δ𝑇𝑘 associated with the time of first jump
after the time 𝑡𝑘 is exponentially distributed (thus memoryless) with rate σ𝑗 𝑞𝑖𝑗 (𝑡𝑘 )
E Δ𝑇𝑘 = σ

1

𝑗 𝑞𝑖𝑗 (𝑡𝑘 )

is called
holding time
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Continuous-time Markov Chain (cont’d)
• In DT-MCs transitions may occur only at discrete time instants 𝑡𝑘 = 𝑘 𝑑𝑡, 𝑘 ∈ ℕ
• In CT-MCs transitions may occur at every instant of time 𝑡𝑘 ∈ ℝ≥0
• Due Markov property events are characterized by their own occurrence rate,
thus transition probabilities are functions depending to 𝑡𝑘 , 𝑡𝑘+1 , and 𝑡𝑘+1 − 𝑡𝑘

• Let 𝑞𝑖𝑗 be transition rate of the
events enabling the transition from
𝑥𝑖 to 𝑥𝑗 , then 𝑝𝑖𝑗 satisfies that

(A CT-MC is thus a memoryless GSMP)
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Evolution of a CT-MC
• We have seen that

• Thus the transition probability matrix takes the next expression

• It thus follows that
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Evolution of a CT-MC (cont’d)
• Let the marginal (unconditional) probability of being in state 𝑥𝑖 at time 𝑡 be

• By means of the Total Probability Law it yields

• From which by means of the transition probability matrix one derives

• Remark: From that we have infinite many transition probabilities matrices, one
for each pair of 𝑡 and 𝑑𝑡, or equivalently for one for each pair 𝑡𝑘 and 𝑡𝑘+1 ,
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Evolution of a CT-MC (cont’d)
• Due to the Markov Property transition probabilities satisfies

• Thus, the transition probability matrix satisfies

• Or equivalently
• By subtracting 𝑷 𝑡𝑘 , 𝑡 , and dividing by 𝛥𝑡 → 0, and because 𝑷 𝑡, 𝑡 = 𝑰, then

Kolmogorov forward PDE

Transition rate matrix
(or Intensity matrix)

𝑸 𝑡

• The solution 𝑷 𝑡1 , 𝑡 of the above PDE is clearly related to the rate matrix 𝑸 𝑡
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Transition rate matrix (cont’d)
• Remiding that
• By subtracting Π 𝑡 on both sides, and by dividing Δ𝑡 → 0, one has
Chapman-Kolgomorov
Equation for CT-MC
• Each entry 𝑞𝑖𝑗 (𝑡) of 𝑸(𝑡) measure the rate of transition from state 𝑥𝑖 at time 𝑡
to state 𝑥𝑗 an arbitrarily small interval of time Δ𝑡 → 0 later

• When 𝑝𝑖𝑗 increases, then 𝑝𝑖𝑖 decreases
• Thus, 𝑞𝑖𝑖 𝑡 is negative for time 𝑡 ≥ 0
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Transition rate matrix (cont’d)
• The matrix 𝑸(𝑡) has the following properties:

If the CT-MC is stationary (i.e. it as finite
mean as 𝑡 → ∞), then both 𝑝𝑖𝑗 (∞) and
𝜋𝑖 (∞) will be constant. Thus we have that

Since 𝑸(𝑡) satisfies:

It has at least one zero eigenvalue
• Another way to see this is by noticing that −𝑸(𝑡) is diagonally dominant, and
then 𝑸 𝑡 is negative semi-definite.
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Continuous-time Markov Chains
• Definition: A CT-MC is mathematical model for stochastic processes defined by
the triplet
• where

1. 𝑋 : is the discrete sample space of the CT process
2.

𝑸(𝑡): is the transition rate matrix at time 𝑡ℝ≥0

3. Π(0): is the initial marginal probability distribution
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Time-Homogeneous CT-MC
• The study of CT-MCs is simpler when the matrix 𝑷(𝑡, 𝑡 + Δ𝑡) depends only by Δ𝑡
and not by the actual time 𝑡, and thus the transition rate matrix 𝑸 is constant,

• In this case the CT-MC is called time-homogeneous and its evolution is governed
by linear time-invariant (LTI) systems

Kolmogorov forward equations

C-K equations

• Remark: Physical processes are in general not time-homogeneous, however, by
restricting the analysis to a small time-horizon CT-MCs may provide faithful
predictions, e.g., whether prediction model are calibrated as CT-MCs
• Such approximation is equivalent to the linearization of a dynamical system.
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Transition graph of a Homogeneous CT-MC
• A homogeneous CT-MC can be described a directed graph with constant
weights
𝑉 is the vertex set
𝐸 ⊆ 𝑉 × 𝑉 is the edge set of 𝐺
• Each vertex of the graph corresponds to a possible outcome of the CT-MC

𝑉 = 𝑋 = 𝑥0 , 𝑥1 , …
• An edge 𝑥𝑖 , 𝑥𝑗 ∈ 𝐸 with weight 𝑞𝑖𝑗 exists from vertex 𝑥𝑖 to vertex 𝑥𝑗 if

• Remark: Self-loops in CT-MC are omitted because denotes negative rates
makes little sense.
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Examples
• In this course we focus our attention on homogenous CT-MCs, thus 𝑸 will be
always time-invariant.
• Example 1: A machine can be in two states

• The failure rate is of a fault every 100 days of work, whereas the repair time is
of 1 day, thus

• Determine the transition rate matrix 𝑸 and its transition graph are
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CT Chapman Kolgomorov Equation’s solution
• The marginal probabilities of a homogeneous CT-MC as time passes follows that of
a LTI system in the form:

CT Chapman-Kolmogorov Eqn.

DT Chapman-Kolmogorov Eqn.

• In contrast with the DT-MC, the CT equation cannot be solved easily. This makes
hard the study of the probabilities in the short term (transient-regime)

To evaluate the analytical solution is needed:
• Since the analytical solution involves the Matrix Exponential operator, its calculus
requires a diagonalization operations by means of both the eigenvalues matrix 𝚲 =
diag(𝜆1 , 𝜆2 , … ) and the eigenvectors matrix 𝑽, where of 𝚲 = 𝐕 −𝟏 𝐐𝐕.

• Furthermore note that 𝑸 may
have large or possibly infinite size
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CT Chapman Kolgomorov Equation’s solution (cont’d)
• A useful approach to solve the Chapman Kolgomorov Equation is to resort to
the concept of Laplace transformation for CT LTI systems.
• In particual let 𝑠 be the Laplace variable, and Π(0) be the initial probability
distribution, one has
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Examples (cont’d)
• Example 1: A machine can be in two states

• Then, one has
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Examples (cont’d)
• Then, by means of the partial fraction decomposition

• Finally, by the Laplace inverse transformation method, one derives
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Stationary and limiting distribution of CT-MC
• Let us consider the evolution of a homogeneous CT-MC

• The CT-MC reaches an equilibria, namely it has a limiting distribution Πℓ =
Π ∞ iff its probability rate becomes constant, thus Π 𝑡 𝑸 = 𝟎, as 𝑡 → ∞
• Definition: A CT-MC admits a limiting distribution Πℓ if, for a given initial
probability distribution Π 0 = 𝜋1 0 , 𝜋2 0 , … , the following limit exist

• Definition: The marginal probability distribution Π𝑠 is called stationary if and
only if it satisfies the so-called balance equations for CT-MCs:
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Stationary and limiting distribution of CT-MC (cont’d)
• Remark 1: A limiting distribution Πℓ is also a stationary distribution Π𝑠 , the
viceversa, is not true.

• Remark 2: Follows that the above limit may not necessarily Πℓ exists, because
of 𝐐 may has imaginary eigenvalues thus Πℓ may has oscillatory probabilities

• Remark 3: The above limit it is not necessarily unique, thus Πℓ may be
influenced by the considered initial marginal probability distribution

• Remark 4: If the limit exists, once Πℓ is reached, then Πℓ will remain
unchanged, and costant, for all the subsequent steps.
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Ergodicity and Stationary Distribution
• Definition: A CT-MC is said to be ergodic if and only if:
1) If it exists a limiting probability distribution Πℓ , namely,

2) If the above limit is unique, thus independent by

If these conditions are verified, to understand the behavior of the CT-MC
we can simply study one their possible realizations.

• Remark: If a CT-MC is ergodic, the calculus of its limiting distribution Πℓ
reduces to the calculus of its stationary component Π𝑠 (thus, to the resolution
of a linear system).
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Criteria for evaluating the ergodicity of CT-MC
Eigenvalue Criteria
• Theorem: Let 𝜆𝑖 ∈ ℂ≤0 with 𝑖 = 1, … , 𝑛, be the eigenvalues of the transition
rate matrix 𝑸 of an homogeneous CT-MC. Since 𝑸, by construction, is negative
semi-definite, it satisfies that

• The homogeneous CT-MC is ergodic if and only if

Graph’s Criteria

• Theorem: A homogeneous CT-MC is ergodic if and only if its associated graph
𝐺(𝑉, 𝐸) has a single ergodic (absorbing), component.

• Remark: The classification of the states and of the strongly connected
components seen for DT-MCs hold without changes also for CT-MCs except for
the concept of periodicity (now graphs are implicitly always aperiodic).
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Examples
• Example 1:

a) By the Eigenvalues’ criteria one has

This CT-MC is ergodic
b) By the Graph’s criteria one has that 𝐺(𝑉, 𝐸) has a single ergodic component,
namely, 𝑥1 , 𝑥2 .

This CT-MC is ergodic
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Examples (cont’d)
• Since the CT-MC is ergodic its limiting distribution Πℓ coincides with its
stationary distribution Π𝑠 , that is thus unique and independent by Π(0).

• Remark 1: The result is coherent with that obtained by the Laplace
Transformation

• Remark 2: Because in a CT-MC we refer to transition rates, we can
continuously leaving and simultaneously returning to a state, thus 𝐺 𝑉, 𝐸 is
always aperiodic.
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Absorption probability
• Example: Given the CT-MC, which is the probability 𝑎𝑖′ = Pr(∃ 𝑡 ≥ 0 ∶ 𝑥 𝑡 ∈ 𝐸2 |𝑥 0 = 𝑖)?
To answer this question we can invoke the
concept of Jump MC, that is a DT-MC where

• Then, the calculus of 𝑎𝑖′ in the same way as of standard DT-MCs. Thus one derives that

• From that, let 𝑏𝑖′ = Pr(∃𝑡 ≥ 0 ∶ 𝑥 𝑡 ∈ 𝐸1 |𝑥 0 = 𝑖) one can further conclude that
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Expected time to absorption
• As for CT-MCs the expected time to absorption can be derived iff it has a single absorbing
state, otherwise 𝜇𝑖 → ∞. If not, the chain need to be rearranged as follows. Then
Let 𝑇 be the min time to reach 𝑠 = 6

we are interested in
• The expected time to absorption of 𝑠 given X 0 = 𝑖, is the solution of the linear system

•
• 𝑑𝑡 is the time from 𝑋 𝑇 ∗ until reach 𝑠.

• Example: Compute 𝜇𝑖 = 𝐸 𝑇|𝑋0 = 𝑖 ∀ 𝑖 ≠ 𝑠:

• Remark: Known the absorption probabilities 𝑎𝑖′ the mean rate from 𝑖 → 𝐸𝑖 is 𝜆𝑖→𝐸𝑖 =
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𝜇𝑖

𝑎𝑖′
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Mean first time & Mean Recurrence time
• Example: Consider a CT-MC with 1 ergodic class, e.g., 𝐸1 = {3,4,5}
• The mean first time from 𝑖 to 𝑠 is

• Consider 𝑠 = 5, since we don’t care where the chain will go after reaching 𝑠, then this
is the same to ask the expected absorbing time of 𝑠 = 5 for the next CT-MC

• The mean recurrence time of 𝑠 can be computed as

• Example (cont’d): Let 𝑠 = 5
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Continuous-time Birth-Death Processes
• Definition: A continuous-time Birth-Death Process (CT-BDP) is a special class of
CT-MC which are characterized by:
a) The sample space 𝑋 can only take integer values

b) Only transitions between adjacent states are allowed
c) Transitions may be observed at any instant of time 𝑡𝑛 ∈ ℜ≥0

𝜆0

𝜆1

1

0

𝜇1

𝜆3
2

𝜇2

CT-BDP are often used
to mode queues

3

𝜇3

𝜆

𝜇

• Remark: The sample space 𝑋 may denotes the population of messages in a
TCL system, costumers in a queue, vehicles in a trasportation system, etc…
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Continuous-time Birth-Death Processes (cont’d)
• The transition graph of CT-BDP is as follows

𝜆0

𝜆1
1

0
𝜇1

𝜆3
2

𝜇2

3
𝜇3

• State transitions are of only two types
a) Births which increase the state by one
𝜆𝑖 denotes birth rate
b) Deaths which decrease the state by one
𝜇𝑖 denotes the death rate
• Remark: CT-BDPs have many applications in demography, queueing theory,
performance engineering, epidemiology, biology and other areas.
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Transition rate matrix of a CT-BDP
𝜆0

𝜆1
1

0
𝜇1

𝜆3
2

𝜇2

3
𝜇3

• The transition rate matrix 𝑸 of a CT-BDP is three-diagonal as follows

• Clearly if the number of states is not finite, then 𝑸 has an infinite size.
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Continuous-time Birth-Death Processes (cont’d)
• Differently with the DT-BDPs, CT-BDPs are by construction aperiodic

• Then, let 𝜆𝑖 = 𝜆𝑖 (𝑡) and 𝜇𝑖 = 𝜇𝑖 (𝑡) one has that:
a) If 𝜆𝑖 and 𝜇𝑖 are time-invariant, i.e., constant for each 𝑡:
The CT-BDP is called homogenous, and matrix 𝑸 has constant entries
b) If 𝜆𝑖 = 𝜆 and 𝜇𝑖 = 𝜇 are constant for each 𝑖, and 𝑡:
The CT-BDP is called uniform.
c) If 𝜆𝑖 > 0 and 𝜇𝑖 > 0 for each 𝑖
The CT-BDP is irriducible
(all states are mutually reachable)
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Stationary distribution of CT-BDP
• Consider an uniform CT-BDP

• The stationary distribution Π𝑠 for CT-BDP with infinite state space can be
evaluated by solving
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Stationary distribution of CT-BDP (cont’d)
• By simple manipulation one has

If this geometric series is convergent
then Π𝑠 exists

• The irreducibility and aperiodicity of the graph along with the above condition
implies the ergodicity of the CT-DBP. Thus one has

• Remark: If the number of states is finite, the process is always ergodic
regardless of the value of 𝜌.
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Metrics of interest of CT-BDPs
• The expected population of an ergodic CT-BDP takes the same expression seen
for a DT-BDP

• Thus, by means of the Moment generating function

• And the known geometric series

• One obtains
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Metrics of interest of DT-BDPs
• Then by reminding that

• It results that the average number of costumer in the DT-BDP is

• Remark: If 𝜌 > 1 the birth rate is larger then the death one. Thus, in the long terms the
process size will diverge
• Then is the process size diverges than also 𝜇𝑋 (∞) → ∞, which further implies if 𝜌 > 1
the CT-BDP is not stationary, and thus also not ergodic.
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