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Consider the discrete-time linear dynamical system, representing the position and speed of an autonomous
vehicle driving in a straight road.

x(k + 1) =Ax(k) +Bu(k) +w(k)

y(k) =Cx(k) + v(k) (1)

where x(k) = [x1(k) x2(k)]
T , y ∈ R, u ∈ R and where v ∈ R represents measurement noise, w ∈ R

represents process noise. The position of the vehicle, x1(k), is measured by GPS every dt units of time. The
speed of the vehicle is represented by the state variable x2(k).

A =
[
1 dt
0 1

]
, C = [ 1 0 ] , B =

[
0.5dt2

dt

]
Let dt = 0.1. Also let u(k) represent the acceleration of the vehicle. The vehicle starts at t = 0 from rest, it
accelerates for 10 secs at a constant acceleration of 3m/sec2, then proceeds at constant speed for 30 seconds.
Let the standard deviation of the GPS measurement error be 3 meters. Let

Q =
[
0.001 0
0 0.01

]
be the covariance matrix of the process noise.

Exercise 1. Consider the discrete-time dynamical system in eq. (1). Let the estimation of the initial position
of the vehicle be 0 meters and let the random variable representing the error with respect to the initial position,
measured by GPS, have a variance equal to V AR[x1(0)] = 9. Let the estimation of the initial speed of the
vehicle be 0.01 m/s and let the random variable representing the error with respect to the initial speed have a
variance equal to V AR[x2(0)] = 0.01. The estimation errors with respect to the initial states x1(0) and x2(0)
are independent.

(a) Design a Kalman filter for the system in eq. (1) and simulate it numerically with Matlab.

(b) What assumptions need to be considered to guarantee the optimality of the Kalman filter?

(c) Discuss advantages and disadvantages of the Kalman filter.



Exercise 2. Consider the second order continuous time nonlinear system shown next.

ẋ1(t) =x2(t)

ẋ2(t) =− x1(t) + αx22(t) + u(t) (2)

y(t) =x1(t) (3)

where α = 1 and the feedback control is u(t) = −x22(t)− x1(t)− x2(t).
Let

(a) Design a linear high-gain observer with eigevalues λ1 = −2 and λ2 = −2 (for unitary gain). Discuss the
choice of the observer gain.

(b) Design a nonlinear high-gain observer with eigevalues λ1 = −2 and λ2 = −2 (for unitary gain). Discuss
the choice of the observer gain.

(c) Consider initial conditions x1(0) = 0.1 and x2(0) = 0.1 while the initial state of the HGO is x̂1 = 0 and
x̂2 = 0. The actuator of the system saturates for |u| > 10. Simulate with Matlab simulink.

(d) Discuss the choice of the tuning parameter ε and its effect on the peaking phenomenon.

(e) Let α = 0.5 and simulate again the same HGO. Is the estimation error affected by the modeling er-
ror/uncertainty?

(f) What are the advantages and disadvantages of the high-gain observer?


