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Exercise 1. One of simplest and popular formal models for epidemics, is the so called SIS model. The model
represents the dynamics of the number of susceptible individuals S(t) and the number of infectious individuals
I(t). This model is useful to understand the qualitative dynamics of infectious diseases where being infected by
the virus and recover does not give immunity to the individual which becomes again susceptible of infection.

Ṡ(t) = − β
N S(t)I(t) + γI(t)

İ(t) = β
N S(t)I(t)− γI(t)

The model considers a constant total population S(t)+I(t) = N . Parameter β is the expected rate of infection
due to contacts between individuals and parameter γ is the expected rate of recovery of each individual ( 1γ is

the average recovery time for each individual). Their ratio is R0 = β
γ which is called the basic reproduction

ratio and is characteristic of a given infectious disease and contact rate in the given population.
Let x1 = S(t), x2 = I(t), it holds

ẋ1 = − β
N x1x2 + γx2

ẋ2 =
β
N x1x2 − γx2

(1)

1. Determine the equilibrium points of the dynamical system in eq. (1).

2. Use the first Lyapunov method to determine the stability properties of the equilibrium points as function
of the system parameters. Use the relation x1 = N − x2 to simply the system.

3. Discuss the stability properties of the equilibrium points as function of the parameter R0.



Exercise 2. Consider the next dynamical system (pendulum):

• I: moment of inertia of the pendulum around the pivot point;

• M : mass of the pendulum;

• l: length of the pendulum;

• g: gravity acceleration;

• θ: Angular position of the pendulum;

• b: friction at the joint;

• u: constant input torque provided by a DC electric motor.

The equation of motion of this system is:

I θ̈(t) + bθ̇ +Mgl sin(θ(t)) = u

For sake of simplicity, all parameters be unitary and consider zero torque actuated by the DC motor, i.e.,

θ̈(t) + θ̇ + sin(θ(t)) = 0

Let

• x1(t) = θ(t): angular position of the pendulum;

• x2(t) = θ̇(t): angular speed of the pendulum;

(a) Determine a state variables model for the system.

(b) Consider function V (x) = 1− cos(x1) +
x22
2 . Is V (x) a proper candidate Lyapunv function? By applying

the Lyapunov direct method, what can be said about the equilibrium point x = [0, 0]T ?

(c) Consider function V (x) = 2(1−cos(x1))+
x22
2 + (x1+x2)2

2 . Is V (x) a proper candidate Lyapunv function?.
By applying the Lyapunov direct method, what can be said about the equilibrium point x = [0, 0]T ?



Exercise 3. Consider the autonomous discrete-time linear dynamical system shown next

x(k + 1) = Ax(k) +Bu (2)

where x ∈ R3, u ∈ R is a constant input u = 1, and

A =

[ −1/2 1/2 0
1/3 1/3 1/3
0 1/2 1/2

]
,

B =

[
1
0.5
−0.5

]
,

(a) Determine the equilibrium point of the system in eq. (2).

(b) Determine suitable state variables x̂(t) so that the equilibrium point of the new system is the origin x̂e =
[0 0 0]T .

(c) Compute a discrete-time Lyapunov function and discuss the stability properties of x̂e by the Lyapunov
direct method.

(d) Discuss if the stability properties of x̂e hold locally or globally.

Exercise 4. Consider the next nonlinear system

ẋ1 = −6x1 + 2x2
ẋ2 = 2x1 − 6x2 − 2x32

Thus ẋ = f(x) =
[
−6x1 + 2x2, 2x1 − 6x2 − 2x32

]T .

(a) Determine the stability properties of the origin by using the Lyapunov function V (x) = f(x)T f(x).


