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Design procedure

Design procedure for a High Gain Observer

• Consider a nonlinear dynamical system of the form

ẋ(t) = Ax(t) + BΦ(x ,u)

y(t) = Cx(t)

• We now consider the single input/single output case for simplicity

• Here Φ(x ,u) is a nonlinear differentiable function. This class of nonlinear
systems is a general standard form in which it can be shown that linearizable
nonlinear systems can be put into by a change of variables

• HGO are an open research topic therefore more general classes of systems can
be considered (but with technical details which go beyond the scope of this
course)
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Design procedure

Design procedure for a High Gain Observer

• Consider a nonlinear dynamical system of the form

ẋ(t) = Ax(t) + BΦ(x ,u)

y(t) = Cx(t)

• In particular, we have

A =


0 1 0 . . . 0 0
0 0 1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 1
0 0 0 . . . 0 0

 B =


0
0
...
0
1


• Clearly, if matrix A and B are not in this form a simply similarity transformation
can put them into this standard controllable canonical form.
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Design procedure

Design procedure for a High Gain Observer

ẋ(t) = Ax(t) + BΦ(x ,u)

y(t) = Cx(t)

• We let the system to be possibly controlled by a state feedback U = γ(x̂)
where γ(·) is a nonlinear function and x̂ is the state estimated by the HGO

5 / 26



Design procedure

Design procedure for a High Gain Observer

• The High-gain Observer has equations

˙̂x(t) = Ax̂(t) + BΦ0(x̂ ,u) + H (y − C x̂)

• Here Φ0(x̂ ,u) is an estimation of the model of the dynamics of the nonlinear
system (either by first principles, parameter estimation or data driven analysis)
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Design procedure

Design procedure for a High Gain Observer

• The design of the matrix gain H follows similar rules as the design of the
feedback matrix gain for a state observer

• In particular, in our nonlinear model matrix A has characteristic polynomial
equal to λn where n is the order of the system. Thus, we choose

H =


h0
h1
h2
...

hn−1

 =


α0

ε
α1

ε2
α2

ε3

...
αn−1

εn


where α0, α1, . . . , αn−1 are the coefficients of a desired characteristic polynomial
which shape the transient behavior of the observer.

• ε is the HGO main tuning parameter which has the effect to multiply all
eigenvalues by 1

ε and determines the model uncertainty attenuation properties of
the HGO and its convergence speed / error dynamics.
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Design procedure

Design procedure for a High Gain Observer

• While parameter ε should be chosen as small as possible, it has to be traded-off
with the peaking phenomenon. Thus, by numerical simulation it should be chosen
the smallest ε which provides an acceptable peaking of the estimated state
variables

• To mitigate the effect of the peaking behavior on the control input, the control
input can be saturated via software to predefined values to avoid unnecessary on
the actuators of the system.

• The HGO observer is most often implemented numerically thus it is important
to choose the highest sampling rate possible, corresponding to the shortest
sampling interval, which can be implemented on the system to be observed.
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Design procedure

Design procedure for a High Gain Observer

• As a rule of thumb, one should choose ε approximately between ε = T
2 and

ε = T
0.3 , within these values the error is minimized but ultimately the error

dynamics depends on the particular nonlinear system (the discrete version might
be unstable for some values of ε).
• The basic idea is that the HGO observer should have dynamics much faster
than the dynamical system under observation, so that the error dynamics and the
system dynamics evolve on different temporal scales (at least one or more orders
of magnitude faster).
• the HGO can be used as a model based differentiator, this is particularly useful
when the state of a dynamical system is represented by its output and its n − 1
derivatives (this scenario happens for instance when the model of the dynamical
system is estimated by input/output data)

• Finally, a reduced order HGO can be implemented to mitigate the peaking
phenomenon by reducing the number of estimated variables. The larger is the
number of state variables to be estimated the larger is the peaking phenomenon
and therefore a smaller ε needs to be chosen.
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A nonlinear separation principle

Nonlinear separation principle

• We have proven in the past lectures that an asymptotic state observer and a
full-state feedback control can be designed separately and independently if the
dynamical system is linear.

• For the HGO there exists a so-called nonlinear separation principle, i.e., under
some assumptions we can design a nonlinear (or linear) full-state feedback and
then design separately a HGO to solve the state estimation problem an apply
observer-based feedback by measuring only the output of the system.
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A nonlinear separation principle

Theorem

• Consider the next dynamical system

ẋ(t) = Ax(t) + BΦ(x ,u)

y(t) = Cx(t)

with

A =


0 1 0 . . . 0 0
0 0 1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 1
0 0 0 . . . 0 0

 B =


0
0
...
0
1


• Let u = γ(x̂) be a state-feedback. Also let functions Φ(·) and γ(·) be
continuous.
• Assume that the origin of the controlled systems is asymptotically stable within
a region of attraction R and let S ⊂ R be a compact set defined in the interior of
R.
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A nonlinear separation principle

Theorem

Let the HGO be designed with parameter ε > 0. Then

There exists ε?1 > 0 such that for all 0 < ε < ε?1 the state trajectories of x(t)
and x̂(t) of the closed loop system starting within S are bounded for all
t ≥ 0.

Given any µ > 0 there exists ε?2 > 0 and T2 such that for all 0 < ε < ε?2 the
state trajectories of x(t) and x̂(t) of the closed loop system starting in S
satisfy

‖x(t)‖ ≤ µ ‖x̂(t)‖ ≤ µ, ∀t ≥ T2
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A nonlinear separation principle

Theorem

Given any µ > 0 there exists ε?3 > 0, dependent on µ such that for all
0 < ε < ε?3 the state trajectories of x(t) and x̂(t) of the closed loop system
starting in S satisfy

‖x(t)− x̄(t)‖ ≤ µ ∀t ≥ 0

where x̄(t) is the state trajectory of the closed-loop system with zero
estimation error since t = 0

If the origin of the closed loop system under state feedback is exponentially
stable and its dynamics are continuously differentiable at the origin then
there exists ε?4 > 0, such that for all 0 < ε < ε?4 the origin of the closed loop
system with the HGO is exponentially stable and S is its region of attraction
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A nonlinear separation principle

Discussion

• In simple words, the nonlinear separation principle for the HGO observer states
that if we let parameter ε be small enough, then we can recover the performance
of the state feedback designed independently of the HGO observer

• The proposed version of the Theorem is simplified and misses several technical
details which go beyond the scope of this course

• The separation principle is proven only for continuous-time systems, i.e., there
is no formal guarantee for discrete-time implementations

• In practice, once a method is proven formally within a given set of restrictive
assumptions, it can be tested numerically and experimentally on given application
to be validated

• Even if the separation principle does not hold in general, this does not imply
that the design does not work, only that it must be validated by other means.
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A nonlinear separation principle

Discussion

• Finally, the HGO observer when used simply as a state estimator, keeps all its
advantages and drops most of its disadvantages since if the estimated state is not
used to provide feedback then the peaking phenomenon is much less important
while the property of attenuating significantly the modeling uncertainty remains.

• Also, usually the sampling rate for data acquisition systems can be much higher
that the sampling rate which can be fed to physical actuators, depending on the
application, thus parameter ε can be chosen with smaller magnitude in such
scenarios.
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Additional notes on the digital implementation of the HGO

Discretization of the HGO

• A digital implementation of the HGO requires some further discussion

• We now consider the case where a zero-order-hold system is used in between
the (uniformly spaced) sampling points and the continuous-time observer is
discretized and implemented in discrete time as a difference equation.

• Let T denote the sampling period. To study the asymptotic behavior as T and
ε tend to zero, we need to restrict the ratio T

ε such that 0 < r1 <
T
ε < r2 <∞,

• If T
ε → 0 this would destroy the high-gain property of the observer because

there would no be a time-scale separation between the dynamics of the system
and the HGO.

• If T
ε →∞ this would destroy the fast sampling property and may lead to

instability of the discretized observer.

• Thus we let T = αε with α ∈ [r1, r2]
18 / 26



Additional notes on the digital implementation of the HGO

Discretization of the HGO

• A digital implementation of the HGO requires some further discussion

• We now consider the case where a zero-order-hold system is used in between
the (uniformly spaced) sampling points and the continuous-time observer is
discretized and implemented in discrete time as a difference equation.

• Let T denote the sampling period. To study the asymptotic behavior as T and
ε tend to zero, we need to restrict the ratio T

ε such that 0 < r1 <
T
ε < r2 <∞,

• If T
ε → 0 this would destroy the high-gain property of the observer because

there would no be a time-scale separation between the dynamics of the system
and the HGO.

• If T
ε →∞ this would destroy the fast sampling property and may lead to

instability of the discretized observer.

• Thus we let T = αε with α ∈ [r1, r2]
18 / 26



Additional notes on the digital implementation of the HGO

Discretization of the HGO

• A digital implementation of the HGO requires some further discussion

• We now consider the case where a zero-order-hold system is used in between
the (uniformly spaced) sampling points and the continuous-time observer is
discretized and implemented in discrete time as a difference equation.

• Let T denote the sampling period. To study the asymptotic behavior as T and
ε tend to zero, we need to restrict the ratio T

ε such that 0 < r1 <
T
ε < r2 <∞,

• If T
ε → 0 this would destroy the high-gain property of the observer because

there would no be a time-scale separation between the dynamics of the system
and the HGO.

• If T
ε →∞ this would destroy the fast sampling property and may lead to

instability of the discretized observer.

• Thus we let T = αε with α ∈ [r1, r2]
18 / 26



Additional notes on the digital implementation of the HGO

Discretization of the HGO

• A digital implementation of the HGO requires some further discussion

• We now consider the case where a zero-order-hold system is used in between
the (uniformly spaced) sampling points and the continuous-time observer is
discretized and implemented in discrete time as a difference equation.

• Let T denote the sampling period. To study the asymptotic behavior as T and
ε tend to zero, we need to restrict the ratio T

ε such that 0 < r1 <
T
ε < r2 <∞,

• If T
ε → 0 this would destroy the high-gain property of the observer because

there would no be a time-scale separation between the dynamics of the system
and the HGO.

• If T
ε →∞ this would destroy the fast sampling property and may lead to

instability of the discretized observer.

• Thus we let T = αε with α ∈ [r1, r2]
18 / 26



Additional notes on the digital implementation of the HGO

Discretization of the HGO

• A digital implementation of the HGO requires some further discussion

• We now consider the case where a zero-order-hold system is used in between
the (uniformly spaced) sampling points and the continuous-time observer is
discretized and implemented in discrete time as a difference equation.

• Let T denote the sampling period. To study the asymptotic behavior as T and
ε tend to zero, we need to restrict the ratio T

ε such that 0 < r1 <
T
ε < r2 <∞,

• If T
ε → 0 this would destroy the high-gain property of the observer because

there would no be a time-scale separation between the dynamics of the system
and the HGO.

• If T
ε →∞ this would destroy the fast sampling property and may lead to

instability of the discretized observer.

• Thus we let T = αε with α ∈ [r1, r2]
18 / 26



Additional notes on the digital implementation of the HGO

Discretization of the HGO

• A digital implementation of the HGO requires some further discussion

• We now consider the case where a zero-order-hold system is used in between
the (uniformly spaced) sampling points and the continuous-time observer is
discretized and implemented in discrete time as a difference equation.

• Let T denote the sampling period. To study the asymptotic behavior as T and
ε tend to zero, we need to restrict the ratio T

ε such that 0 < r1 <
T
ε < r2 <∞,

• If T
ε → 0 this would destroy the high-gain property of the observer because

there would no be a time-scale separation between the dynamics of the system
and the HGO.

• If T
ε →∞ this would destroy the fast sampling property and may lead to

instability of the discretized observer.

• Thus we let T = αε with α ∈ [r1, r2]
18 / 26



Additional notes on the digital implementation of the HGO

Discretization of the HGO

The HGO has equations

˙̂x(t) = Ax̂(t) + BΦ0(x̂ ,u) + H (y − C x̂)

ŷ = Cx̂(t)

A =


0 1 0 . . . 0 0
0 0 1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 1
0 0 0 . . . 0 0

 B =


0
0
...
0
1

 H =


h0
h1
h2
...

hn−1

 =


α0

ε
α1

ε2
α2

ε3

...
αn−1

εn


C =

[
1 0 . . . 0 0

]
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Additional notes on the digital implementation of the HGO

Discretization of the HGO

• To avoid issues due to the inherent ill-conditioning due a small ε we can adopt
a change of variables ψ = Dx̂

where

D =


1 0 . . . 0 0
0 ε . . . 0 0
...

...
. . .

...
...

0 0 . . . εn−2 0
0 0 . . . 0 εn−1
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Additional notes on the digital implementation of the HGO

Discretization of the HGO

• Thus the HGO equation becomes

D−1ψ̇(t) = AD−1ψ(t) + BΦ0(D−1ψ(t),u) + H
(
y − CD−1ψ(t)

)
x̂ = D−1ψ

ψ̇(t) = DAD−1ψ(t) + DBΦ0(D−1ψ(t),u) + DH
(
y − CD−1ψ(t)

)
= D (A−HC )D−1ψ(t) + DBΦ0(D−1ψ(t),u) + DHy

x̂ = D−1ψ
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Additional notes on the digital implementation of the HGO

Discretization of the HGO

• Now let

A0 = εD(A− HC )D−1 = A−H0C ,

where

DH = H0 =


α0

α1

α2

...
αn−1


• Also note that DB = εnB and CD−1 = C . It follows

ψ̇(t) =
1

ε
A0ψ(t) + εnBΦ0(D−1ψ(t),u) + H0y

x̂ = D−1ψ
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Additional notes on the digital implementation of the HGO

Discretization of the HGO

• The coefficients of H0 stabilize matrix A−HC

• The HGO in the form

ψ̇(t) =
1

ε
A0ψ(t) + εnBΦ0(D−1ψ(t),u) + H0y

has coefficients in order of O( 1
ε ) irrespective of the number of state variables,

thus avoiding numerical issues with the powers of 1
ε

• The effect of peaking is now contained in x̂ = D−1ψ, thus the peaking issue is
overcome by the fact that φ0(x̂ ,u) can be assumed to be globally bounded in x̂ .
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Additional notes on the digital implementation of the HGO

Discretization of the HGO

• Depending on whether φ0 = 0, the HGO observer can be linear or nonlinear.

• In the linear case, the discretized HGO can be implemented as

ψ(k + 1) = Adψ(k) + Bdy(k)

x̂(k) = C dψ(k) + Ddy(k)

where matrices Ad ,Bd ,C d ,Dd depend on the chosen discretization method.
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Additional notes on the digital implementation of the HGO

Discretization of the HGO

• If we let α be the discretization stepsize ( since we already used ε with a
different meaning ) (also remember ε = αT )

• By the first order Euler discretization method, we have

Ad = I − αA0, Bd = αH0, C d = D−1, Dd = 0

• By the Tustin discretization method, we have

Ad = (I +
α

2
A0)(I − α

2
A0)−1,

Bd = (I − α

2
A0)−1αH0,

C d = D−1(I − α

2
A0)−1,

Dd =
α

2
D−1(I − α

2
A0)−1H0
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Additional notes on the digital implementation of the HGO

Discretization of the HGO

• Clearly, for the Euler method α is assumed to be small enough so that matrix
I − αA0 has eigenvalues with magnitude striclty less than 1. For the Tustin
method all positive values of α have this property.

• If the HGO is nonlinear, i.e., we choose φ0(x̂ ,u) 6= 0, then using the first order
Euler method:

ψ(k + 1) = Adψ(k) + Bdy(k) + Tεn−1BΦ0(D−1ψ(t),u)+

x̂(k) = D−1ψ(k)

• Other discretization methods for the nonlinear versions require to integrate the
nonlinear term Φ0(D−1ψ(t),u).
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