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Introduction

Introduction

• The Kalman filter is a popular state estimator for dynamical systems, initially
introduced in the 1960 by Rudolph E. Kalman (1930-2016).

• One of the first significant applications of the Kalman filter was space flight.
During the Apollo program it was used to estimate the navigation parameters
during the autonomous flight phases of the Apollo capsules.

• In an autonomous navigation problem the position, speed and acceleration of a
vehicle may be provided (not all) by different sensing methods with different
characteristics and all affected by noise
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Introduction

Introduction

• For instance during the moon landing they had ground distance, ground speed,
accelerometers and gyroscopes to determine their position with respect to the
ground. In low earth orbit position was communicated by the ground station and
estimated with radar.

• The Kalman filter was first used in the sixties due to the introduction of digital
information processing, which was first used in the aerospace industry.

• Since then, digital processing is now the standard and extremely cheap, thus
Kalman filtering techniques are now implemented in most applications of control
engineering.
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Introduction

Introduction

• Nowadays you can find a Kalman filter in any GPS device, your mobile phone,
your car, in airplanes, industrial processes and so on

• The main advantage of a Kalman filter is that by characterizing the
measurement uncertainty in the sensing equipment and its influence on the
dynamics of the system it allows us to improve its state estimation using sensing
equipment with very different measurement noise characteristics and accuracy.

• It follows that the Kalman filter is used also when full-access to the state of a
dynamical system is available, just to mitigate the effect of noise and uncertainty
of the measurements.
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Introduction

Introduction

The objective of the Kalman filter is to estimate the state of the next
discrete-time, time-varying, linear system:

x(k + 1) = A(k)x(k) + B(k)u(k) + w(k)

y(k) = C (k)x(k) + v(k)

where

A(k) is an n × n matrix;

B(k) is an n × r matrix;

C (k) is an n × p matrix;

• where w(k) and v(k) are the process and measurement noise processes
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Introduction

Introduction

•By letting e(k) be the state estimation error of the Kalman filter, it optimizes
the expectation of the quadratic error, i.e.,

E [e(k)T e(k)],

in this sense the Kalman filter is an optimal filter.

• Note that E [e(k)T e(k)] = Tr(P(k)), where Tr(P(k)) is the trace,i.e., the sum
of the diagonal elements, of the covariance matrix P(k) of the state vector x(k).
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Introduction

Introduction

• The Kalman filter is used with success in many applications (also nonlinear
dynamical systems) where it shows robustness properties against noise and
uncertainty.

• The Kalman fitler is proven to be optimal only under a very precise set of
assumptions.

• The process and measurement noise processes are zero mean Gaussian random
vectors (AWGN):

E [w(k)] = 0, and E [v(k)] = 0,∀k

• w(k) and v(k) are uncorrelated between each other

E [w(k1)w(k2)T ] = 0, and E [v(k1)v(k2)T ] = 0, k1 6= k2
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Introduction

Introduction

• The initial state of the system x(0) is a Gaussian random vector itself with
known expectation and covariance matrix:

E [x(0)] = x̄0, and E [(x(0)− x̄0)(x(0)− x̄0)T ] = P(0) = P0, ∀k ≥ 0

• w(k) and v(k) are uncorrelated with the random vector of the initial state x(0)

• The covariance matrices of the process and measurement noise are known

E [w(k)w(k)T ] = Q(k), and E [v(k)v(k)T ] = R(k),∀k
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Kalman filter

Kalman filter

• The Kalman filter uses a prediction of the state followed by a correction based
on measurement.

• The prediction of the state estimate is done based on the model of the
dynamical system:

x̂k(k + 1) = A(k)x̂(k) + B(k)u(k)

• where x̂k(k + 1) denotes the prediction of the state given the apriori knowledge
of the model and the estimation of x̂(k).
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Kalman filter

Kalman filter

• Since the noise has zero mean, it follows

E [x(k + 1)] = E [A(k)x(k) + B(k)u(k) + w(k)]

= A(k)E [x(k)] + B(k)u(k) + E [w(k)]

= A(k)E [x(k)] + B(k)u(k)

• The dynamics of the predicted state error covariance matrix is

E [(x(k + 1)− E [x(k + 1)])(x(k + 1)− E [x(k + 1)])T ] =

Pk(k + 1) = A(k)TP(k)A(k) + Q(k)

• Pk(k + 1) represents the predicted state error covariance matrix given the
previously estimated state error covariance matrix P(k) and Q(k) is the process
noise covariance matrix at time k .
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Kalman filter

Kalman filter

• The optimal Kalman gain at time k is a time-varying matrix updated according
to

K k = Pk(k + 1)C (k)T
(
C (k)Pk(k + 1)C (k)T + R(k)

)−1
• The Kalman gain is time-varying because the uncertainty on the state
estimation is time-varying.

• The Kalman gain has a function similar to that of the feedback gain of state
observer
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Kalman filter

Kalman filter

• Finally, the estimated state is updated according to a combination of the state
predicted by the model x̂k(k + 1) and a correction based on the measurement of
the output y(k) weighted by the optimal Kalman gain

x̂(k + 1) = x̂k(k + 1) + K k (y(k)− C (k)x̂(k))

• The covariance matrix is also updated based on the predicted covariance and
the Kalman gain

P(k + 1) = (I −K kC (k))Pk(k + 1)
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Kalman filter

Kalman filter

• Summarizing, the Kalman filter equations are:

State prediction:
x̂k(k + 1) = A(k)x̂(k) + B(k)u(k)

Covariance prediction:

Pk(k + 1) = A(k)TP(k)A(k) + Q(k)

Optimal Kalman gain:

K k = Pk(k + 1)C (k)T
(
C (k)Pk(k + 1)C (k)T + R(k)

)−1
State estimation correction:

x̂(k + 1) = x̂k(k + 1) + K k (y(k)− C (k)x̂(k))

Covariance matrix correction:

P(k + 1) = (I −K kC (k))Pk(k + 1)
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Kalman filter

Kalman filter

• Graphical representation of the iterative estimation process of the Kalman fitler
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Kalman filter

Kalman filter

• Note that if prediction and correction have the sample sampling interval, then
we can simplify as:

Optimal Kalman gain:

Kk = (A(k)TP(k)A(k) +Q(k))C(k)T
(
C(k)(A(k)TP(k)A(k) +Q(k))C(k)T + R(k)

)−1

State estimation update:

x̂(k + 1) = A(k)x̂(k) + B(k)u(k) + K k (y(k)− C (k)x̂(k))

Covariance matrix update:

P(k + 1) = (I −K kC (k))(A(k)TP(k)A(k) + Q(k))
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Kalman filter

Kalman filter

• If the covariance matrices of the measurement and noise process are constant,
i.e., R(k) = R and Q(k) = Q, the system is stationary, i.e., A(k) = A,
B(k) = B, C (k) = C , then:

Optimal Kalman gain:

K k = (ATP(k)A + Q)CT
(
C(ATP(k)A + Q)CT + R

)−1
State estimation update:

x̂(k + 1) = Ax̂(k) + Bu(k) + K k (y(k)− Cx̂(k))

Covariance matrix update:

P(k + 1) = (I −K kC )(ATP(k)A + Q)
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Kalman filter

Kalman filter

• It can be shown that the Kalman gain in this scenario converges to a constant
matrix K∞ after a sufficient number of steps.

• In such a case the optimal Kalman filter takes the form of an asymptotic state
observer with gain K∞

x̂(k + 1) = Ax̂(k) + Bu(k) + K∞ (y(k)− Cx̂(k))

21 / 39
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Kalman filter

Discussion

• The selection of the assumed covariance matrices Q, R, and P0 can have a
significant effect on the estimation performance of a Kalman filter.

• The selection of P(0) = P0 is coupled with the assumed initial state, and
affects the initial convergence of the filter. In many situations, the effect of P0 is
not significant, and in fact it is often arbitrarily initialized to an identity matrix for
simplicity.

• The noise covariance matrices Q and R can be difficult to estimate.

• The effects of different values of Q and R are very significant and they affect
the overall performance of the filter. A basic way to think of Q and R is that
they are weighting factors between the prediction (state) equations and the
measurement (output) equations.
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Kalman filter

Discussion

• Considering a larger Q is equivalent to considering larger uncertainty in
the state equations, which is equivalent to trusting the result of these
equations less, which effectively means that the filter should correct more
with the measurement update.

• Similarly, considering a larger R is equivalent to considering larger
uncertainty in the measurement, which is equivalent to trusting the
measurement less, which effectively means that the filter should correct
less with the measurement update.
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Kalman filter

Discussion

• There exist also versions of the the Kalman filter for continuous time systems,
the drawback is that they are generally implemented numerically and therefore
their discrete-time implementation is of greater interest.

• The Kalman filter is build around two steps: One is the prediction step based on
the system dynamics and teh second is a correction step based on measurement.

• There are implementations of the Kalman fitler where the correction step can
be applied at different sampling rates due to different sensing equipment (thus
the time-varying formulation of the output C (k) helps in this regard).

• For instance, in the navigation problem an autonomous self-driving vehicle may
receive the GPS signal at a given sampling interval (in the range of seconds) while
acceleration and speed may be available at much shorter sampling intervals.’
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Kalman filter

Discussion: a note on notation

• In the scientific literature the Kalman filter is presented with the most various
notations. Depeding on how the original dynamical system is represented we may
find

x(k) = A(k − 1)x(k − 1) + B(k − 1)u(k − 1) + w(k − 1)

y(k) = C(k)x(k) + v(k)

(1)

x(k + 1) = A(k)x(k) + B(k)u(k) + w(k)

y(k) = C(k)x(k) + v(k)

(2)

x(k + 1) = A(k)x(k) + B(k)u(k) + w(k)

y(k + 1) = C(k + 1)x(k + 1) + v(k)

(3)

• Also the standard system matrices A, B, C , may change due to the author (for
historical reasons in the US is common to find A = F and B = G , C = H
especially when linearization steps of f (x), g(x), h(x) are involved in the
derivations.
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Extended Kalman filter

Extended Kalman filter

• Consider a nonlinear dynamical system:

x(k + 1) = f (x(k),u(k)) + w(k)

y(k) = g(x(k)) + v(k)

where f and g are differentiable vector functions
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Extended Kalman filter

Extended Kalman filter

• We can linearize by computing the Jacobian matrices of f and g at a generic x
and u as

A(x , u) =

[
∂f

∂x

]
x ,u

=


∂

∂x1
(f1(x , u)

∂
∂x2

f1(x , u) . . . ∂
∂xn

f1(x , u)

...
...

...
...

∂
∂x1

(fn(x , u)
∂

∂x2
fn(x , u) . . . ∂

∂xn
fn(x , u)



C(x) =

[
∂g

∂x

]
x
=


∂

∂x1
g1(x)

∂
∂x2

g1(x) . . . ∂
∂xn

(g1(x)

...
...
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...

∂
∂x1

gn(x)
∂

∂x2
gn(x) . . . ∂

∂xn
gn(x)
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Extended Kalman filter

Extended Kalman filter

• The equations of the extended Kalman filter becomes

State prediction:
x̂k(k + 1) = f (x̂(k),u(k))

Covariance prediction:

Pk(k + 1) = A(x̂(k),u(k))TP(k)A(x̂(k),u(k)) + Q(k)

Optimal Kalman gain:

Kk = Pk (k + 1)C(x̂k (k + 1))T
(
C(x̂k (k + 1))Pk (k + 1)C(x̂k (k + 1))T + R(k)

)−1

State estimation correction:

x̂(k + 1) = x̂k(k + 1) + K k (y(k)− g(x̂(k)))

Covariance matrix correction:

P(k + 1) = (I −K kC (x̂k(k + 1)))Pk(k + 1)
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Extended Kalman filter

Extended Kalman filter

• Note that while the Kalman filter is optimal with respect to the expected
squared estimation error for linear systems, the extended Kalman filter for
nonlinear systems is not optimal in general.

• However, since the extended Kalman filter does not consider a linearized system
and only uses the Jacobians of the nonlinear dynamics to predict the covariance
matrix and compute the Kalman gain, it has in practice remarkable robustness to
noise and uncertainty.
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Exercise

Exercise

• The next exercise can be found in M. B. Rhudy, R. A. Salguero and K. Holappa A

KALMAN FILTERING TUTORIAL FOR UNDERGRADUATE STUDENTS International Journal

of Computer Science and Engineering Survey (IJCSES) 2017
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Exercise

Exercise

• Consider a simple object in free fall assuming there is no air resistance. Our
goal is to determine the position of the object based on uncertain information
about the initial position of the object as well as measurements of the position
provided by a laser rangefinder.

• A laser range finder uses the the time of flight of the reflection of laser beam to
measure distance. It is able to measure the position of the object only at a
sampling time ∆T , thus we need a discrete time model of the object in free fall
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Exercise

Exercise

• Using particle kinematics, we expect that the acceleration of the object will be
equal to the acceleration due to gravity. Defining the height of the object in
meters, h, we have:

ḧ(t) = −g

where g = 9.80665m/s2.

• Its speed after ∆T units of time is

ḣ(t + ∆T ) = h(t)−∆Tg
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Exercise

Exercise

• Its position is

h(t + ∆T ) = h(t) + ∆Tḣ(t)− 1

2
∆T 2g

• Thus, if we let x(k) =
[
h(k∆T ), ḣ(k∆T )

]T
and u = g (constant input), it

follows

x(k + 1) =

[
1 ∆T
0 1

]
x(k) +

[
− 1

2∆T 2

−∆T

]
u = Ax(k) + Bu

with

A =

[
1 ∆T
0 1

]
and B =

[
− 1

2∆T 2

−∆T

]
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Exercise

Exercise

• In this model there is no noise which influences directly the position or speed of
the obeject, thus the process noise w(k) is absent.

• For this particular set of equations, we are assuming that there are no errors in
the equations themselves. For this problem, this is an assumption, as there could
be disturbances from air resistance or other sources. However, assuming that
these errors are small enough to ignore, we do not need to model the process
noise for this problem.

• Because of this, the process noise covariance matrix, Q, can be set to zero.
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Exercise

Exercise

• Let us consider a scenario where the position of the object can be measured
using a laser rangefinder with 2 meters standard deviation of error.

•Because the position is what can be measured, we need to define an output
equation that gives the position as a function of the states of the filter. There is
some uncertainty in the measurement, which is noted in the equations by the
measurement noise v(k) :

y(k) = h(k) + v(k) = [1 0] x(k) + v(k)

• The considered measurement noise has a standard deviation of 2 meters which
gives a variances of 4 meters. Since the noise is scalar, its covariance matrix is:

R = 4
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Exercise

Exercise

• In addition to the measurement noise, we also need to consider any uncertainty
in the initial state. The initial position is approximately known to be 105 m
before the ball is dropped, while the true initial position is 100 m.

• The initial guess was roughly determined, and should therefore have a relatively
high corresponding component in the assumed initial covariance. For this
example, we consider an error variance of 10 m for the initial position.

• For the initial velocity, we assume that the object starts from rest. This
assumption is fairly reasonable in this case, so a smaller variance value of 0.01
m2/s2 is assumed. The estimates of the two initial states are independent.

• Thus the initial state covariance matrix is

P0 =

[
10 0
0 0.01

]
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Exercise

Exercise

• Summarizing:

x(k +1) =

[
1 ∆T
0 1

]
x(k)+

[
− 1

2∆T 2

−∆T

]
u = Ax(k)+Bu, u = g = 9.80665

y(k) = [1 0] x(k) + v(k) = Cx(k) + v(k)

Q =

[
0 0
0 0

]
, R = 4, P0 =

[
10 0
0 0.01

]
• Now design a Kalman filter and simulate numerically its performance on Matlab.
• For simulation purposes, set the true initial position x1(0) = 100 meters while
the estimated initial position is 105 meters.
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